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Abstract. The structural properties of suspensions and other multiphase systems are
vital to overall processability, functionality and acceptance among consumers. There-
fore, it is crucial to understand the intrinsic connection between the microstructure
of a material and the resulting rheological properties. Here, we demonstrate how
the transitions in the microstructural conformations can be quantified and correlated
to rheological measurements. We find semi-local parameters from graph theory, the
mathematical study of networks, to be useful in linking structure and rheology. Our
results, using capillary suspensions as a model system, show that the use of the clus-
tering coefficient, in combination with the coordination number, is able to capture not
only the agglomeration of particles, but also measures the formation of groups. These
phenomena are tightly connected to the rheological properties.
1. Introduction
Multiphase systems, such as suspensions, provide a broad spectrum of applications
and play an integral role in everyday life. Materials, like ketchup, wall paint and mud,
are just a few examples. The physical properties of such suspensions are mostly influ-
enced by their composition as well as interaction potentials and, hence, by the resulting
microstructure. Phase and structural transitions are a key phenomenon regularly en-
countered in this field. Shear thinning, gelation, and agglomeration are phenomena that
are often associated with microstructural changes in suspensions. The ability to tune
and quantify this microstructure and, thereupon, relate it to the bulk properties is im-
portant for any application as well as rational and economic product design. A particular
problem is the challenge of studying and controlling yielding due to the simultaneous
dependence on local and global structures.
One hurdle in connecting structure and rheology originates from the presence of the
many different length scales that are ubiquitous in the investigated systems. These length
scales range from the typical length of interactions far below the particle’s diameter,
through the cluster scale spanning several particle diameters, to sample spanning scales.
[23, 1] In the presence of attractive particle interactions the stability of larger clusters
and connected structures on a more global scale is influenced by the type and strength
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of the attractive interaction and the ability of particle connections to transmit forces
over larger length scales. Rheological phenomena, such as yielding, are influenced by the
strength of the attractive interactions as well as the properties of the network such as
the dimensionality. This poses a challenge to simultaneously quantify both scales and
describe their relative importance.
Multiple tools have been developed to accomplish the task of describing the network
structure. A considerable number of these methods rely on image analysis of confo-
cal microscope images. [33, 40] The rigidity of an attractive 3D particle network was
characterized using the fractal dimension from image analysis.[13] In the same study,
Dinsmore and Weitz suggested using pivot points and cluster sizes to further charac-
terize different features of the structure.[13] One key property, often used in granular
matter, is the coordination number, i.e. the number of contacts that a particle has with
its neighbours.[41] This was the method of choice used by Dibble et al.[12] amongst
others to describe depletion gels.
The need for an easy, rigorous method to connect structure and rheology is only be-
coming more pressing with improved experimental and computational techniques. In
computational experiments, dynamic properties are accessible using improved track-
ing mechanisms.[2, 16] Experimentally, a method combining rheology and microscopy
and including the measurement of local particle volume fractions was obtained using
microrheology.[8] Phase separation phenomena and the collapse of structures were also
recently investigated.[31] The utilisation of knot theory showed the usefulness of mathe-
matical concepts for suspensions.[9] Nevertheless, finding universal connections between
the structure and mechanical properties of suspensions, especially embracing several
length scales, remains challenging.
The present study deals with tackling this challenge for the material class of capillary
suspensions. Capillary suspensions are created by the addition of a secondary liquid to a
two-phase suspension of particles in a bulk fluid, where the secondary and bulk liquids are
immiscible.[27] These materials are characterized by an overall structure consisting of a
percolated network of particles and particle clusters with attractive capillary interactions.
This type of suspensions offers a wide domain of possible applications for the creation
of smart materials.[19, 11, 3, 34]
Recent investigations on capillary suspensions have shown a broad range of options to
tune the mechanical and rheological properties through changes in their composition,[26]
which are directly related to changes in their microstructure.[5, 14, 44] Capillary suspen-
sions show, in general, a gel-like behaviour with the storage modulus G′ larger than the
loss modulus G′′ and frequency independent behaviour inside of the linear viscoelastic
region. Capillary suspensions exhibit a yield stress due to the strong attractive force
transmitted by the secondary fluid, even in cases where the particles are not preferen-
tially wetted by the secondary fluid.[25] This yield stress shows a non-linear dependence
on the amount of secondary fluid, indicating a complex relationship between the network
microstructure and the overall network’s mechanical response.[6] A confocal study has
revealed several structural transitions in a silica model system when the wetting be-
haviour of both liquids on the particle surface is varied.[5] The latter was accomplished
by modifying the silica beads’ chemical surface properties and, therefore, the three-phase
contact angle θ, which the secondary fluid forms towards the particles in a bulk liquid
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environment. In some cases, capillary suspensions can be characterized using scaling
concepts that relate rheological data to the fractal dimension.[6] This work by Bossler
et al. showed a network composed of aggregated flocs and different fractal models pro-
vided either the dimensionality of the floc[43] or backbone[36, 32]. These two fractal
dimensions become larger with increasing particle size.[6] While the fractal dimension
can be used to describe the connection between rheology and structure, this method can
be problematic for heterogeneous network structures. [6] This problem becomes readily
apparent in many capillary suspensions.
While electron microscopy images of capillary-suspension-based ceramics microstruc-
tures showed structural transitions with different amounts of secondary liquid,[15, 14, 6]
no definitive measure exists for the connection between structure and rheology and thus
transitions can be difficult to quantify. This is particularly true for the transition from
a sparse network towards a more clustered or bicontinous network for which measures
such as the fractal dimension are ill-defined.[25, 44, 38] Therefore, we need an approach
that can work equally well for the sparse as well as dense networks. The number of
neighbours, the coordination number z, which can be readily calculated from confocal
images, provides some insights, but has a tenuous link to rheology. We therefore pro-
pose supplementing this measure with another measure from graph theory, namely the
clustering coefficient, as shown in Figure 1. The local clustering coefficient is defined as
(1) c =
2e
z(z − 1) ,
where the number of bonds between neighbours (dashed lines) is z and the connections
between these neighbours (solid lines) is e. An alternative definition of the clustering
coefficient can be achieved by counting the number of triangles through a node (particle)
in comparison with the coordination number of the corresponding node. As illustrated
z = 6
c = 1
z = 3
c = 2/3
z = 3
c = 0
z = 0
c = 0
Figure 1. Difference between the coordination number z, the number of
bonds per particle (dashed lines), and the clustering coefficient c. Present
particles are represented by filled circles. Dashed circles represent missing
particles.
in Figure 1, intermediate coordination numbers can either have low clustering (c → 0)
or high clustering (c → 1) with clear implications of the mechanical response of the
cluster. Although the upper limit of the clustering coefficient is c = 1, as shown in the
non-physical packed structure in Figure 1, real, e.g., biological networks, almost never
reach this limit and c > 0.5 is considered as high clustering.[22]
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2. Materials and Methods
2.1. Sample preparation. We used spherical silica particles (Kromasil 100-7-SIL, Akzo
Nobel) with mean particle radius of 3.21 µm for the preparation of the capillary suspen-
sions. The silica particles were covalently dyed with fluorescent rhodamine B isothio-
cyanate (Sigma-Aldrich) via a modified Sto¨ber synthesis [37, 30] and the particle surface
was partially hydrophobized with two different concentrations of trimethylchlorosilane
(Alfa Aesar) to achieve two different three-phase contact angles.[17] Details on the chem-
ical modifications can be found in one of our recent publications.[6] Contact angles were
determined from confocal microscopy images as θ = 87 ± 8◦ and θ = 115 ± 8◦.[5] The
bulk phase was a mixture of 86.8 wt % 1,2-cyclohexane dicarboxylic acid diisononyl ester
(Hexamoll DINCH, BASF) and 13.2 wt % n-dodecane (Alfa Aesar). The secondary fluid
was a mixture of 86.4 wt % glycerol (purity > 99.5 %, Carl Roth) and 13.6 wt % ultra-
pure water. Minute amounts of the fluorescent dye PromoFluor-488 premium carboxylic
acid (PromoKine) were added to the secondary fluid. The bulk and secondary fluid
mixtures had the same refractive index as the dyed silica particles (n = 1.455± 0.001).
All capillary suspensions were prepared with the same effective solid volume fraction of
φsolid = 20 ± 4 %, which was directly determined from confocal images of the resulting
samples. Varied amounts of secondary fluid were used. Since the particles are porous,
the effective secondary fluid volume fraction φsec was also identified from the confocal
images. For sample preparation, the particles were first dispersed in the bulk fluid using
ultrasonication, then the secondary fluid was added and ultrasound applied for another
30 s.[6] Total sample volumes were kept at 0.85 mL.
2.2. Rheology. The rheological measurements were carried out with a stress-controlled
Physica MCR 702 rheometer (Anton Paar) using a small-sized plate-plate geometry (8
mm plate diameter, 0.5 mm gap width). Strain sweep measurements were completed
at a constant angular frequency of ω = 10 rad/s. Frequency sweep measurements were
made in a frequency range of 100-0.1 rad/s at a previously determined strain amplitude
within the linear viscoelastic (LVE) domain. In the observed range, G was frequency-
independent in all cases. Thus, the plateau modulus G′0 was directly determined as the
LVE value of G from the amplitude sweep, while the loss modulus G′′ was determined
at the critical amplitude γˆcrit denoting the end of the LVE region. All measurements
were completed at 20 ◦C.
2.3. Confocal microscopy. 3D confocal images (145 µm× 145 µm× 142 µm) were taken
with a Leica TCS SP8 inverted confocal laser scanning microscope, equipped with two
solid state lasers (488 nm and 552 nm). PromoFluor-488 premium carboxylic acid dye,
in the capillary suspensions secondary liquid, is excited by the 488 nm laser and rho-
damine B isothiocyanate, bonded to the particles, is excited by the 552 nm laser. The
secondary phase dye emission was detected in a wavelength range of 495-520 nm and the
particles at 650-700 nm. A glycerol immersion objective with a numerical aperture of 1.3
and 63× magnification was used for image acquisition. For every particle composition,
eight image stacks were taken at different locations in the sample for a statistically ap-
propriate sample size. The raw 3D images were used as input for the particle detection
algorithm, which determined the individual particle locations and sizes, the effective
volume fraction, and the coordination number distribution for each image.
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2.4. Particle detection, network reconstruction and graph theory approach.
The images were analysed using a self-written particle detection algorithm in IDL (ver-
sion 8.7) using the rhodamine (particle) channel only. The particle positions were de-
termined using a combination of Canny edge detection and Hough transform. [7] The
Canny edge detection function for 2D images, available in IDL, was adapted for 3D con-
focal images. A Canny edge detector uses the derivative of a Gaussian function as edge
detection kernel. This is equivalent to first performing a convolution on an image with a
regular Gaussian, and subsequently taking the image gradient. In this way, the images
were smoothed, thereby removing the detector noise from the images. A Gaussian kernel
of 5 × 5 × 5 pixels was applied with a sigma value of 1. The image gradient was taken
in three dimensions to determine the gradient magnitude and direction. In the next
step, the particle edges were trimmed down using non-maxima suppression, i.e. a pixel
was retained if its gradient magnitude was a local maximum in the gradient direction.
Hysteresis thresholding, specific to Canny edge detection, was not fully implemented.
Only one threshold for the gradient magnitude, equal to 15 % of the maximum gradient,
was used to retain the strong (or true) edge pixels since edge linking was not the main
objective and enough strong edge pixels remained to identify each particle. After edge
detection, a Hough transformed image was created from the strong edge pixels and the
gradient direction. The availability of the gradient direction greatly simplifies the Hough
transform since all edge pixel gradients point inwards to the particle center for spheres.
Hence, the intermediate particle radius was the only parameter that was varied, in this
case between 1 µm and 6 µm in steps of 0.1 µm. For each individual radius, the edge
pixels casted a vote for a particle center in their gradient direction. The particle centers
were determined as the pixels with the highest number of votes. These local maxima
were detected using the 3D Crocker and Grier algorithm. The detected features were
screened based on minimum number of votes, minimum brightness and overlap with
other particles to remove misdetections. Finally, a least-squares fit for a sphere was
performed on each detected feature (particle centers) and the edge pixels that voted for
that feature (surface of the particle) using a Powell minimisation algorithm to determine
the correct radius. Each sphere was characterized with four parameters: the x, y and
z coordinates of the center and the particle radius. This algorithm offers an improved
localisation and radius determination compared to the widely-used Crocker and Grier
algorithm as required due to the large polydispersity and high volume fraction of the
particles in the samples. [10]
In order to analyse the network properties using graph theory, the networks had to
be reconstructed. This was done using the Python package Networkx.[18] Each particle
was mapped to a node. Node positions were assigned using an individual tag holding
their coordinates. These nodes were sequentially connected by edges based on a distance
criterion. We chose 6 pixels (0.85 µm) as threshold to detect bonds between individual
particles and subsequently to set up edges between graph nodes. For the evaluation of
number averages, we ignored particles closer than 2r to the edge of the pictures to ensure
that only valid, fully evaluated particles are taken into account. All graphs present mean
and standard deviations of the concatenated arrays over all samples.
The result of the graph import procedure was an unweighted graph that was subse-
quently analysed. We evaluated the coordination number z and clustering coefficient c
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for each node n.[4, 39] The number averaged coordination number and clustering coef-
ficient are denoted as z¯ and c¯, respectively.
3. Results and Discussion
3.1. Microstructure. In the present study, two series of particles with differently
treated surfaces, resulting in three-phase contact angles of θ = 87± 8◦ and θ = 115± 8◦,
were prepared. The capillary suspensions with θ = 87 ± 8◦ are expected to show char-
acteristics of the pendular state, i.e. a network stabilised by concave binary secondary
fluid bridges that provide attractive capillary forces between the particles.[25] Capillary
suspensions with contact angles higher than 90◦ are classified as being in the capillary
state [27] where the network structure is based on small aggregates made of a few par-
ticles that arrange around convexly shaped microdroplets of secondary fluid. Such a
network gains its strength from an energetical favorability of forming such microclus-
tered particle-droplet-arrangements.[28, 16] Hence, the samples with θ = 115 ± 8◦ are
expected to represent the capillary state.
In order to better understand the transitions that occur with added secondary liquid,
the sample microstructure is examined using confocal microscopy. Representative 2D
slices of 3D confocal images, taken for samples with varying φsec/φsolid for θ = 87±8◦, are
shown in Figure 2. The sample without added secondary fluid (Fig. 2I) does not show a
percolating particle network, but rather the structure of a loosely packed sedimented bed.
This is easily visible by the much higher apparent solid volume fraction near the slide
on the inverted microscope even though the same amount of particles was used during
all sample preparations. This implies that any particle interactions are insufficient to
overcome the weight of the particles. An addition of only φsec/φsolid = 0.002 of secondary
fluid leads to a completely different structure (Fig. 2II). At such low secondary volume
fractions φsec, individual particles are connected by binary contacts formed by bridges
between asperities. The drops are small enough so that they are not visible in the image
due to their size and low dye amount. However, the impact of the drops is clear since the
particles form a network with small chains and flocs of particles. These flocs increase
in size with increasing volumes of secondary fluid (Fig. 2III and IV). The growth of
clusters is linked first to the differing floc growth rate before percolation and second
to droplet coalescence. Above a threshold volume, which depends on the contact angle
θ, the binary bridges on a particle trimer will touch and merge due to geometrical
reasons. [5, 20] This is the point where aggregates of particles start to form and a
funicular state results. For the 87 ± 8◦ contact angle in these images, this transition is
predicted at a bridge volume of Vbridge/Vparticle = 0.03. Assuming a coordination number
of 2.5, this transition occurs at a φsec/φsolid = 0.04± 0.02. The merging of the bridges,
i.e. a transition from a pendular state with only binary bridges to a funicular state
with a clustered structure, is visible in Fig. 2V and VI. Therefore, this transition takes
place in the range of 0.038 ± 0.003 ≤ φsec/φsolid ≤ 0.079 ± 0.003, which correlates very
well to the predicted value. The aggregates grow in size and become more dense with
further increase in φsec/φsolid until a bicontinous structure of particles surrounded by
secondary liquid, sometimes called a capillary cluster, is formed (Figure 2VIII). While
the network percolation in this confocal image is no longer visible directly, the large
voids of bulk fluid between the particle agglomerates are proof of a stabilisation against
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φsec/φsolid = 0.00
I II
IV
VI
VIII
III
V
VII
θ = 87 ± 8°
0.002 ± 0.001
0.018 ± 0.002
0.079 ± 0.003
0.418 ± 0.036
0.011 ± 0.001
0.038 ± 0.003
0.165 ± 0.016
Figure 2. Confocal 2D images of samples with contact angle θ = 87±8◦
and varied amounts of secondary fluid. The particle detection channel is
shown in red and the secondary fluid in yellow in these composite images.
The size is 145 µm× 145 µm) in each image.
sedimentation. This stabilisation is lost with a further increase to φsec/φsolid = 0.848±
0.076 when large, macroscopic agglomerates form (supplementary information Figure
S1). 3D reconstructions of the networks are shown in the supplementary material Figure
S2 to S4 where spheres are coloured according to their individual clustering coefficient
and coordination number.
The θ = 115±8◦ samples look similar to the ones with θ = 87±8◦ at first glance, but
they differ in some important ways. First, the sample without added secondary fluid
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φsec/φsolid = 0.00
I II
IV
VI
VIII
III
V
VII
θ = 115 ± 8°
0.002 ± 0.000
0.066 ± 0.006
0.192 ± 0.006
0.451 ± 0.037
0.029 ± 0.007
0.088 ± 0.006
0.193 ± 0.009
Figure 3. Confocal 2D images of samples with contact angle θ = 115±8◦
and varied amounts of secondary fluid.The particle detection channel is
shown in red and the secondary fluid in yellow in these composite images.
The size is 145 µm× 145 µm in each image.
(Fig. 3I) has a solid fraction larger than the average φsolid = 0.2, but is less dense than
for the lower contact angle. There may be a weak attractive interaction in this sample,
meaning that the pure particle interactions in the bulk environment are different between
the two contact angles, independent of any additional capillary force. This difference can
be fully ascribed to the different surface modifications. While previous experiments have
shown that the capillary state is less stable than the pendular state,[5] this additional
effect may help in supporting the network structure of the θ = 115± 8◦ samples here.
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With addition of increasing amounts of secondary fluid, the network formation in these
samples is obvious (Fig. 3II-IV). Network formation in the 115 ± 8◦ sample, however,
appears to have a more clustered structure, even at small φsec/φsolid where individual
drops are not visible, e.g. φsec/φsolid = 0.029± 0.007 (Figure 3III). This means there is
no transition from a linear, fractal-like network to a clustered structure, as was the case
in the θ = 87± 8◦ sample. In the capillary state samples with θ > 90◦, particles should
aggregate around small droplets of secondary liquid. There are indeed capillary-state-
like microclusters of particles around small droplets visible, as well as singly-connected
droplets, which reside on particle surfaces without contributing to the network.[5] Pre-
viously computational models of capillary state samples predict a transition from tetra-
hedral to larger particle number clusters with increasing amount of secondary fluid. The
shear moduli and yield stress are expected to either reach a constant value or increase
slightly in this region.[28]
Atypical for capillary state samples, however, is the visibility of unexpected binary
bridges in Figure 3V. It is also noteworthy that the particles form bicontinuous ag-
gregates in the worse wetting secondary fluid instead of the better wetting bulk fluid
at φsec/φsolid = 0.451 ± 0.037 and in the phase separated clusters at φsec/φsolid =
0.737 ± 0.013. These phenomenon may be related to the particle roughness causing
a large contact angle hysteresis. 3D reconstructions of the networks are shown in the
supplementary material Figure S5 to S7.
3.2. Computational structure evaluations.
3.2.1. Generic structures. Several 2D structures are shown in Figure 4 to illustrate the
dependence of the clustering coefficient and coordination number on the structure using
several – commonly encountered – geometrical arrangements. These particle arrange-
ments are representative segments of more extended structures generated by repeating
these base units. The example segments are shown in Figure 4, where we display a string
of particles with small side branches (Figure 4a), a square backbone arrangement (Fig-
ure 4b), a string of particles with more tightly incorporated side branches (Figure 4c),
and particles with a triangular backbone (Figure 4d). The square grid arrangements,
illustrated in Figure 4a and 4b both have c¯ = 0 despite the difference in the number
of side branches and corresponding z¯. In both cases, there are no triangles formed by
bonds between neighbouring particles. These bonds between neighbouring particles, and
hence a nonzero clustering coefficient, can be seen in examples Figures 4c and 4d. In
example 4c, a structure is introduced with a main path connecting several, more tightly
incorporated side beads. Whereas the main path has rather lower clustering, the side
beads are fully tight to the graph forming cliques due to the formation of all possible
triangles. Example 4d shows a triangular backbone of particles. Here, an average clus-
tering coefficient of c¯ = 0.5 is visible. This threshold is crucial for the later considerations
in the histogram, because it allows us to distinguish thicker structures in Figure 4d from
thin structures as formed in Figure 4c.
3.2.2. Sample characterisation. The coordination number and the clustering coefficient
are used to quantify the previously described characteristics of the confocal images.
The averaged values are shown in Figure 5. With the addition of secondary liquid, z¯
decreases, reaching a minimum at point III, whereas c¯ increases slightly. With more
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z = 4
c = 0.5
z = 3
c = 0
z = 2
c = 0
z = 2.66
c = 0.55
(a)
(b)
(d)
(c)
Figure 4. Average coordination number z¯ and clustering coefficient c¯
for several structures commonly present in suspensions.The spheres are
coloured from white to dark blue according to their individual clustering
coefficient.
secondary fluid, both values then increase, with c¯ reaching a plateau at point VI. The
coordination number still increases in this range, but it has reached an inflection point.
Finally, at point IX, the average clustering coefficient decreases with the transition to a
granular aggregate. A more detailed view on the first five points in this graph is shown
in the supplementary material Figure S8.
While the average values give some indication for the changes in the network structure,
key transitions can be hidden by subtle changes in the average values. The histograms
of all samples are therefore shown in Figure 6. These histograms will be used to show
key transitions in the microstructure and finally to tie these changes to the resulting
rheological properties. For all histograms, the clustering coefficient is shown in green
and the coordination number in blue. All shown histograms are normalized so that
the integral value over all bins is 1. A comparison between low (c ≤ 0.2), medium
(0.2 ≤ c < 0.4), high (0.4 ≤ c < 0.6) as well as the remaining (0.6 ≤ c) clustering
coefficient is shown in supplementary Figure S9.
We will first consider the sample that corresponds to the pendular state samples
(θ = 87± 8◦). A broad distribution of coordination numbers can be seen for the sample
without added secondary liquid (Figure 6I) with a mean value of z¯ = 5.1. The mean value
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Figure 5. Average coordination number and clustering coefficient for
θ = 87 ± 8◦. The roman numerals correspond to the images shown in
Figure 2
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Figure 6. Histograms of the coordination number and clustering coef-
ficient for all samples with a contact angle of θ = 87 ± 8◦ for several
amounts of secondary fluid.
of the clustering coefficient is c¯ = 0.15. A lot of particles with a clustering coefficient
around the theoretical minimum of c = 0 can be observed, indicating particles without
tight clustering. These values are characteristic for a loosely packed sedimented bed.
That means there is a random arrangement of particles present where polydispersity of
the particles can lead to a lot of isolated particles or particles with only one neighbour.
This low clustering can indicate a metastable structure.[21] Indeed, the structure of this
sample changed slightly during the measurements, either due to the small movements of
the objective or very slow sedimentation.
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With the addition of secondary fluid to φsec/φsolid = 0.002±0.001 (point II), we can see
the structural arrangements due to the filling of the particles asperities in the histograms.
Particles are connected to each other via binary bridges leading to a lower average contact
number of z¯ = 3.1 while the average clustering coefficient rises to c¯ = 0.19. This rise is
caused by two effects. First, a number of particles with a high clustering coefficient close
to c = 1 appears. These highly clustered particles are arrangements of trimers or other
small groups of particles, often located on the outside of flocs or strands. Second, a new
peak emerges at an intermediate value of the clustering coefficient around c = 0.3, which
is consistent with particles in a partially reinforced backbone chain as illustrated by
Figure 4b. However, one must not ignore the rise in the amount of particles having low
or zero clustering. We conclude from the corresponding histogram of the coordination
number that there is a change from the random sediment arrangement into an open
network with many short, linear branches of two or three, as indicated by the increase
of particles with coordination number z = 1 to z = 3.
The same trend continues at φsec/φsolid = 0.011±0.001 (Figure 2III), where a fractal-
like gel structure is visible. The average coordination number once more lowers to about
z¯ = 2.7. Furthermore, the amount of particles with a coordination number of z = 2
reaches its global maximum compared with the other histograms. The distribution of the
clustering coefficient, which has an average of c¯ = 0.15, shows the same features as above
but is even more pronounced. As the number of particles with low clustering coefficient
rises, more binary contacts are present. This rise is associated with a decrease in the
number of particles with intermediate clustering, indicating a change towards the linear
branched structure of Figure 4a. The amount of particles at the maximum clustering
coefficient shows no change (see also Figure S2). Such a transition would be consistent
with the formation of a weak gel structure dominated by binary contacts (Figure 4a) and
some tightly arranged clusters formed by trimers or other low number particle groups
(Figure 4b).
As the structure changes towards a funicular, or clustered, state (Figure 2IV), the
coordination number increases to a value of z¯ = 3.5. The average clustering coefficient
also increases to c¯ = 0.21, but the change in the average, shown in Figure 5, is quite
modest. The histogram shows a clearer loss in the number of particles with very low
clustering and an increase in the intermediate clustering. We believe that this is caused
by the addition of particles to already existing clusters, leading to their increase in size
and not by the formation of entirely new groups of particles. This funicular state is akin
to the sketch in Figure 4b with the size of the triangular (or, in 3D, tetrahedral) clusters
growing in size.
With the next three additions of secondary liquid, corresponding to the growth of
funicular clusters and the transition to a fully bicontinuous structure, the average coor-
dination number has values of z¯ = 4.1, z¯ = 4.9 and z¯ = 4.6, respectively. The clustering
coefficient approaches a plateau with average values of c¯ = 0.26, c¯ = 0.38 and c¯ = 0.39.
These are values that are typical of small-world phenomena in graph theory. Small
world graphs have nodes that are not direct neighbours (low z or degree) but are only
separated from each other by a few hops (a few particles). Put another way, these
graphs are composed of tight cliques with few connections between cliques. A look at
the confocal images reveals the presence of particle groups that become more and more
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isolated, indeed forming the small interconnected worlds. The confocal picture with
φsec/φsolid = 0.418± 0.036 (Figure 2VIII) especially illustrates that state.
With the final addition of secondary fluid, the structure phase separates. This is
indicated by the clustering coefficient decreasing to an average value of c¯ = 0.25, towards
the initial sedimented bed state. However, the structure seems to be denser than the
initial sediment, as shown by the increased clustering coefficient and coordination number
(z¯ = 7.2). This can be explained by the fact that the secondary liquid is solely present
between the sedimented particles, pulling them together more tightly. This means that
the arrangement of particles is not as random as in the first state without secondary
liquid added. This structure should be more resilient to external deformation.
The average values for the θ = 115 ± 8◦ series of samples, i.e. the capillary state
system, are shown in Figure 7 and histograms of coordination number and clustering
0.0 0.2 0.4 0.60.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
Av
era
ge
clu
ste
rin
gc
oeffi
cie
nt
[-]
0
1
2
3
4
5
6
7
8
Av
era
ge
coo
rdi
nat
ion
num
ber
[-]
clustering coefficient
coordination number
I
IX
VIIIVIIIV
φsec/φ solid[-]
Figure 7. Average coordination number and clustering coefficient for
θ = 115 ± 8◦. The roman numeral correspond to the images shown in
Figure 3
coefficient are shown in Figure 8.
The average coordination number for the sedimented bed z¯ = 3.3 is a lower than for
the pendular state samples and the clustering coefficient, has the same average value of
c¯ = 0.15. The histograms for this first θ = 115 ± 8◦ point (Figure 8b.I) resembles that
of the θ = 87± 8◦ sample with wetted asperities (φsec/φsolid = 0.002± 0.001, Figure 6II)
Interestingly, the development of a network in the capillary state seems to follow a
different pattern than in the pendular state. Instead of an increasing amount of particles
with clustering coefficient near zero, i.e. binary contacts, one can see that the amount of
such particles is reduced in this sample. Instead, there is a large percentage of particles
with intermediate or high clustering. The distribution between the clustering coefficient
ranges is again shown in Figure S9 of the supplementary material. With the addition
of secondary fluid, the average coordination number and average clustering coefficient
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Figure 8. Histograms of the coordination number and clustering coef-
ficient for all samples with a contact angle of θ = 115 ± 8◦ for several
amounts of secondary fluid.
both rise. This is consistent with both computational models of the capillary state
where particles surround small fluid droplets forming polytetrahedrons [25, 16] and is
also consistent with the confocal images (Figure 3) showing particle clusters.
The histograms reveal that even with small amounts of secondary liquid, the overall
distribution of the coordination number is broader compared to the pendular state sam-
ples. Furthermore, the peak at c = 0.3 is much more pronounced in early stages of the
network buildup. Together with the lower amount of particles at c = 0, we conclude that
much fewer binary contacts are present. Overall, the histograms do not change much
with the addition of secondary liquid, although the averages increase slightly, indicating
that structures present in the sample are growing while the inner arrangement of the
structures themselves remains unaltered and does not undergo significant phase changes.
A special effect can be seen between φsec/φsolid = 0.193 ± 0.009 (Figure 3.VII) and
φsec/φsolid = 0.451±0.037 (Figure 3.VIII). Between these points, the network transitions
from a network of small clusters with many connections to a bicontinuous structure with
large clusters and few connections. Between these two points, the average clustering
coefficient remains unchanged, but there is a shift from low clustering (c ≤ 0.2) to
medium clustering (0.2 < c ≤ 0.4) as shown in Figure S3. There is also an increase in
the average coordination number from z¯ = 5.4 to z¯ = 6.2, driven by a nearly uniform
shift in the histogram to the right.
As with the pendular state samples, phase separation takes place at high φsec/φsolid in
the capillary state system. The coordination number reaches a maximum of z¯ = 7.6 and
the clustering coefficient returns to a value of c¯ = 0.26. Both the shape of the histograms
and the average values indicate that this separated state is essentially the same between
the pendular and the capillary state samples.
3.3. Connecting microstructure and rheology. The shear moduli are a measure of
the momentum transport within the sample. Oscillatory shear experiments allows us
to decompose these stresses into a viscous part and into an elastic part. Based on the
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description of Irving Kirkwood,
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we can assign the origin of these stresses to individual forces and the momentum of the
particles themselves. Thus, the structure of the network and the strength of the bonds
determines the rheological response.
3.3.1. Pendular state samples.
Experimental data. Since capillary suspensions form strong gels with frequency indepen-
dent moduli, they can be characterized using an oscillatory amplitude sweep. The linear
viscoelastic plateau value of the storage modulus, G′0, as well as the loss modulus at the
critical strain G′′(γcrit) of the θ = 87 ± 8◦ series of samples are shown in Figure 9 as a
function of the ratio of secondary fluid volume fraction φsec to the solid volume fraction
φsolid. The two phase separated samples (φsec/φsolid = 0.0 and φsec/φsolid = 0.848±0.076,
points I and IX) are not shown in the rheological data.
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Figure 9. Plateau strorage modulus G′0 and loss modulus value G′′(γcrit)
at the end of the LVE region, as function of the effective secondary fluid
to solid volume ratio φsec/φsolid for the samples with particles having
θ = 87± 8◦. The frequency was fixed at ω = 10 rad/s.
A steep increase in the suspensions strength occurs for low amounts of φsec/φsolid. Both
G′0 and G′′(γcrit) show a maximum at an intermediate amount of added secondary fluid,
albeit at slightly different φsec/φsolid values. After this maximum, the network strength
begins to decrease again. This behaviour is characteristic for pendular state samples.
[14, 45, 6] As was previously hypothesised and confirmed with confocal images,[28, 5]
the stress increase at relatively low amounts of secondary fluid should appear due to the
buildup of binary capillary bridges, where the maximum is attributed to a coalescence of
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adjacent bridges, termed the funicular state. The decrease for relatively high amounts
of secondary fluid is explained by the formation of large and dense particle agglomerates
that begin to destabilise the structure.
Of particular interest in the pendular state is the transition to the funicular state,
which should correspond to the maximum stress values in the rheological data of Fig. 9
in the range of 0.038±0.003 ≤ φsec/φsolid ≤ 0.079±0.003. This value also coincides with
a transition from binary bridges to a clustered structure shown in (Figure 2V and VI).
Thus, the decrease in strength observed in the rheological data indeed correlates to the
formation of large agglomerates which would reduce the number of network contacts.
Point VI also corresponds to the end of the rapid rise region in z¯ and c¯. Points V
and VI show a slight broadening of the coordination number histogram and a clear
decrease in the number of particles with low or zero clustering and an increase in the
particle fraction with intermediate or high clustering. Indeed, this metric shows that
the clustering actually begins earlier – at point IV, φsec/φsolid = 0.018 ± 0.002 – when
the fraction of particles with c = 0 begins to decrease. This may not be manifested in
the shear moduli due to the small fraction of clustered particles, but may effect other
rheological measures such as yielding.
Elastic stresses. Elastic stresses can only be caused by the formation of bonds between
particles. The amount of bonds is, on the one hand, a function of the volume of added
secondary liquid. On the other hand, the arrangements of these bonds is crucial for stress
development. Obviously, there is a difference between a droplet of secondary liquid that
has been well-dispersed during the sample preparation and the case where only few,
large bridges are formed from bad mixing. We propose, therefore, that the elastic stress
in our system can be approximated from the average coordination number of particles
in the network.[35]
Contacts alone, however, are insufficient to create a high elastic modulus. In capillary
suspensions with hard spheres, momentum transport contributing to the elastic response
has to originate from the secondary liquid. Without secondary liquid, there might be
a lot of particle contacts, but these particle contacts rely solely on friction to transmit
momentum. Friction forces mostly act perpendicular to the position vector connecting
the particles centers via their contact point and, thus, do not contribute to the off-
diagonal elements i.e. the shear stress. Adding secondary liquid to fill the particles’
asperities makes these contacts effective for the transmission of normal forces. Thus,
the modulus of the samples begins to increase despite the average coordination number
being lower than the one measured in the sedimented bed state. Increasing the amount of
secondary liquid beyond the point of filled asperities decreases the average coordination
number and seems to contradict our hypothesis at first sight. However, the lowering of
this average coordination number is mostly caused by the vanishing number of particles
with a high contact number and not by a shift in the entire distribution.
The relationship between an increasing number of bonds increasing the transmis-
sion of momentum in the sample holds true through the peak G′0 until point VII
(φsec/φsolid = 0.165 ± 0.016). Here, an interesting effect can be observed. First, the
average coordination number decreases. However, the average clustering coefficient con-
tinues to increase. That means more closed aggregates are formed. These closed aggre-
gates are analogous to the cliques in a small world network. These cliques redistribute
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energy inside themselves, as previous works of graph theory have shown.[29] The cliques
distribute the motion between their many contacts, rearranging the structure and dis-
sipating any motion. The energy, thus, becomes unavailable. This unavailable energy
leads to a drop in the modulus that is not compensated for by the subsequent rise in the
coordination number. This is due to the fact that these aggregates become more and
more cliquish with high internal interconnectivity, but few contacts bridging the flocs.
Viscous stresses. Viscous stresses, following the strain rate rather than the strain, are
caused by skin friction on the particles from the movement of the bulk fluid itself as well
as drag and other hydrodynamic effects between the particles and the bulk fluid.
In analogy to the elastic response, we can tie the initial rise in the viscous stresses
to the fact that structure formation yields a state where many individual particles are
surrounded by bulk fluid increasing the external surface area. This increases both the
amount of fluid participating in the friction effects on the surface of particles and the
amount of primary liquid in the void between the particles, generating stress. This
effect seems to cause a rise in the viscous modulus proportional to the rise in the storage
modulus for the low amounts of added secondary fluid before point III (φsec/φsolid =
0.011 ± 0.001). However, the loss and storage moduli reach their maxima at point V
(φsec/φsolid = 0.038 ± 0.003) and point VI (φsec/φsolid = 0.079 ± 0.003), respectively.
We believe this to be an indication of the pendular-funicular transition that means the
merging of binary bridges of secondary liquid to larger interconnected structures. This
process decreases the fraction of particles with c = 0, leaving only particles of higher
clustering with the most prominent peak at c = 0.3. The formation of larger and larger
clusters continues to decrease the surface area, causing the drop in skin friction and G′′
in the system.
3.3.2. Capillary state samples. The rheological quantities for the θ = 115 ± 8◦ series
are shown in Figure 10. Again, the phase separated samples (points I and IX) are not
shown. Unlike for the pendular state sample, the capillary state does not exhibit a
pendular-funicular transition or any other characteristic transitions with the exception
of the highest and lowest φsec/φsolid (not shown). Instead, a gradual increase of the
storage and loss moduli is observed in the rheological data of Fig.10, where also no
maxima or other hints for clear transitions were observed. This finding fits very well the
more gradual structural changes, which mostly just show an increasing size of bridges
and droplets with increasing secondary fluid volume.
The connection between the sample microstructure and the resulting rheological prop-
erties in the capillary state resides on the same foundation as the pendular state, regard-
less of the difference in contact angle. Indeed, we can again observe a direct correlation
between the main coordination number, the clustering coefficient and the presented mod-
uli. Even the structural transition between φsec/φsolid = 0.088 ± 0.006 (point V) and
φsec/φsolid = 0.192 ± 0.006 (point VI) is well reflected in the rheological as well as the
structural data. As the overall ratio between z¯ and c¯ does not change with the addition
of secondary liquid, we would not expect sudden changes in the moduli. This is indeed
the case here. Only upon phase transition at the very end an extreme change in the
structure parameters can be observed. Previous comparisons between samples showed
that the elastic modulus or yield stress was lower in capillary state samples compared
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Figure 10. Plateau modulus G′0 and loss modulus G′′(γcrit) at the end of
the LVE region, as function of the effective secondary fluid to solid volume
ratio φsec/φsolid for the samples with particles having θ = 115± 8◦. The
frequency was fixed at ω = 10 rad/s.
to the pendular state.[6] We would argue that this difference can arise from the differ-
ences in the cliquishness alone, and thus, these measures may not indicate differences in
bridge strength. Indeed, in the present samples, the pendular samples with low amounts
of φsec/φsolid (lower coordination number z¯) are weaker than in the capillary state and
the bicontinuous samples have nearly identical structural parameters and moduli.
4. Alternative approaches
Graph theory tools have recently gained popularity and, thus, have also been applied
to other material classes. The force chains of granular matter were investigated[24].
Kollmer and Daniels utilise the measure of betweenness centrality to measure and pre-
dict the force response of granular material to uniaxial loading. However, our use of
the same measures, as presented in the supplementary information Figure S10 and S11,
does not yield conclusive results due to the large error bounds, which are much higher
than for measures such as the clustering coefficient. A reason for this might lie in the
differences in the underlying network structures. Grains within granular networks have
more uniform spatial distribution compared to the capillary suspensions where large void
volumes can occur. Furthermore, capillary suspensions do not experience an ensemble of
configurations comparable to the ones present in granular matter. Probing capillary sus-
pension, especially outside of the linear regime, changes their structure irreversibly. This
effect does not occur with such dense granular matter as large movement is prohibited
by the tight packing of the material.
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A further example is the study of depletion interaction gels.[42] In this work, Whitaker
et al., studied the structure and rheology of depletion interaction gels with varying at-
tractive potential. The contact number of particles was investigated the same way
presented here. However, the mean and width of the coordination number distribution
only changed slightly upon an increase of the attractive strength. While not explicitly
measured, there is also likely less variation in the clustering coefficient since the inter-
nal volume fractions of the cluster only varied from 0.3 to 0.35. Capillary suspensions
offer much more versatility as a model system due to the possibility to actively tune
the amount of particle neighbours via the amount of secondary liquid added and the
mixing conditions. The approach of l-balanced graph partition offers great possibilities
for capillary suspensions, e.g., in the regions of of high secondary volume fractions. It
comes, however, with the caveat that the amount of particles in the such a decomposi-
tion has to be chosen. Especially in the region of linear arrangements, where not a lot
of pronounced particles groups are present, this choice remains rather arbitrary. Fur-
thermore, it introduces a further step in the processing, that is not necessary when, e.g.,
the clustering coefficient is used. Perhaps, however, the combination of the two methods
can be used to expand the robustness and insights provided by each method.
5. Conclusions
In this paper, we have shown the presence of different structural transitions in cap-
illary suspensions and their impact on the resulting dynamical properties. For this
purpose, two sample series containing particles with different contact angles (θ = 87±8◦
and 115 ± 8◦) were evaluated. Using methods from graph theory, we showed that a
distinction between pendular and capillary state might be misleading since the resulting
structural properties are, in both cases, very well predicted by local and semi-local mea-
sures. Despite the simplicity of this approach, the obtained results are very intriguing
in their nature. Both the number of bonds and the cliquishness of clusters, as captured
by the coordination and the clustering coefficient, respectively, can be tied tightly to
the resulting bulk rheological properties. This method helps, via a handy relationship,
to complete the trinity of rational product design, physico-chemical properties and con-
sumer satisfaction which still remains crucial in engineering tasks. Nevertheless, there is
still room for optimization. First, the results could be improved by taking the strength
of the bridges between particles into account. The construction of a weighted graph
based on the amount of secondary fluid connecting particles could yield further insights.
Other measures offered by graph theory such as centrality have been linked to force
networks and could be of interest, but may be harder to quantify for sparse networks.
Other larger scale measurements, such as the quantification of the networks backbone
using the network’s minimum spanning tree, can also be used to characterize the shortest
paths in the network transmitting the applied stresses.
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